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ABSTRACT

We report on our effective mass calculations for a particle confined in an ellipsoidal quantum dot. Upon using a curvilinear coordinates
system, the single particle exact eigenvalues and eigenfunctions have been numerically calculated. Dielectric image effects have been properly
taken into account. It is shown that on keeping the volume constant, the confinement energies depend only on the dot shape. The implications
of this shape dependence are analyzed for the infrared optical properties.

There is no doubt that semiconductor quantum dots arenumerically and the entire exact dot energy spectrum
interesting for both the fundamental physi¢and for novel calculated.

device applicationd* Quantum confinement and the actual We believe that one of the most interesting advances in
structure shape play a very important role in determining the science of quantum dots is the availability of colloidal
their physical and chemical properties both for dpand semiconductor nanocrystals where shape cofitaold dop-
closed structure&2 Calculations based on the effective mass ing?® have been achieved. In all the cases, the dots must be
approximatiof? give, for their relative simplicity, an op- embedded in a surface passivating medium that may have a
portunity of studying quantum confinement in those semi- static dielectric constant very different from that of the dot
conductor nanostructures whose shape differs from the usuamaterial. The dielectric contrast induces significant dielectric
spherical and cylindrical onés!? However, it is necessary  self-energy effects that we have taken into account as a first-
to stress that there are a number of circumstances where th@rder correction. Our calculations will show that, as far as
effective mass approximation may lead to erroneous results.intraband infrared transitions are concerned, there is an
Pseudopotential calculations have shown that in low dimen- almost complete compensation between the dielectric cor-
sional systems one may have instances where the mixinggections to the ground and first excited states, resulting in a
between different conduction band vall&& and valence transition energy that is independent from the passivating
bands degeneratyplay a fundamental role in determining medium dielectric constant.

certain linear and nonlinear optical properties. At the same Finally, intraband dipole matrix elements have been
time, it is well established that when a nanocrystal (a) has acalculated for a range of ellipsoid eccentricities and the
well passivated surface, (b) does not have significant corresponding selection rules discussed.

deviations from the bulk lattice structure, (c) it is not too

small! and (d) the boundary conditiolsare chosen with

care, band mixings and curvature efféetéfor states derived Theory

from the zone center conduction band are unlikely to improve The exact solution of the Schiimger equation for a particle
significantly the infrared properties we are going to present. -onfined in an ellipsoidal quantum dot with hard wall
We are going to show that for an ellipsoidal quantum dot poundary conditions can be calculated using a suitable
the description of the confinement energies as scaling with coordinates systend §7,¢) in which this equation is separable
the dot volume is incorrect if the actual dot shape is not and the boundary (that is, the ellipsoid surface) is represented
taken into account. Using a proper curvilinear coordinates by an equation liké& = constant. Let us consider an ellipsoid
system in which the Schdinger equation is separable, we and indicate witha, b, andc its semi-axes along the, vy,
show that the separated differential equations can be solvedandz directions, respectively (in the following(y, 2) will
represent orthogonal Carthesian coordinates). Let us suppose
* Corresponding author. E-mail: cantele@na.infn.it. that it has rotational symmetry around thexis, namely
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thata = b. If y = c/a > 1 (prolate ellipsoid) we introduce means that(l + 1)A? represents the total particle angular
the following coordinates transformatioprélate spheroidal momentum only in this limit. Let us note that= 1, 2, 3,

coordinate$: .l =0,1,2, .., andn = —I, ..., 0, ...,| and that the
eigenstates are eigenfunctions of the parity operator too, as
Y -l s a consequence of the system reflection symmetry. Therefore,
x=fVE —1vl—y"cosy if we want to look for selection rules for light-induced
y=f /52 1 /1 _ 772 sing 1) tr_an5|t|0ns, we have_ to take into account both the state parity
- given by (1) and its angular momentumcomponent.
=Ieny
wheref is a constant, 1= § < 4o, —1 < < 1, and _
0 < ¢ < 2. On varyingé, this transformation parametrizes Results and Conclusions
the space with prolate ellipsoids with semi-axes £°—1 In this section we want to show how, starting from the

andf & (in thex—y plane and along theaxis, respectively),  theoretical background presented in the last section, we can
all having the same focal distancé Zhis means that the  predict several interesting properties of ellipsoidal quantum
quantum dot ellipsoidal surface is represented by the equationdots, looking in particular at the role that the system
& = &, provided that is just its focal distance. It is not  anisotropy can have on the optical infrared transitions.
difficult to show!® that f = ce and § = 1/e wheree = Solving numerically egs 2a and 2b using a standard
v1-1/”is the ellipsoid eccentricity. Writing the Laplacian ~midpoint shooting method, we have determined the exact
operator in this new coordinates system, the solution of single particle volume-confined energies for the ground state
the Schidinger equation can be factorized in the form and several excited states. In Figure la we show the
W1 Em.9) = jeninlE)Sm(n7) exp(imgp), where the rotational ~ confinement energies of the ground state<(1,| = 0,m=

symmetry around the axis has been taken into account. 0), and of the first five excited onesa & 1,1 =1, m= 0,
jenim(€) and Sy(n) are the respective solutions of the +1 andn = 1,1 =2, m = 0, &1, 4+2), calculated for
equations electrons in CdSenf* = 0.13n,) keeping the structure

volume constant\{ = 905 nn? corresponding to a sphere
dal . d. - m ). with a 6 nmradius). In Fig_u.re 1b the transition energies of
4 [(E - 1)d—§le(§)] - (A —h°& + 7 )Je(é) =0 (2a) the first two allowed transitions from the ground state (100
— 110, full line and 106— 11 + 1, dashed line) are shown.
2 On increasing, we are considering structures that are more
+ (A — hy® — 2)5(77) =0 (2b) and more anisotropic obtained by increasing thaxis and
1=7 decreasing the axis in such a way that the volume is
) o constant. Although the volume does not change, we can see
which are formally equal byt must be solve_d in different inat the energy levels depend prin particular, the ground-
ranges of the respective variabléss a separation constant  giate energy shows a minimum for the spherical shape
while h = f x/; ¢ = (2m*/h?)E, m* is the particle (x = 1), being an increasing function of the anisotropy.
effective mass, anfl is the volume-confined particle energy. Another consequence of the anisotropy is the splitting
It is found that for most values & the solution of eq 2bis  between the states with the samend| but different values
regular aty = +1 but not aty = —1. This means that for  of |m| (as expected because of the loss of rotational symmetry
each fixed value oh andmthere is a discrete set of values around an arbitrary axis), the only degeneration being with
of A that correspond to a regular solution in all the range of respect to the sign of. Moreover, we can see that the states
values ofxn. We will indicate these values with m(h). withn=1,1=0m=0,n=1,=1,m=0andn=1,
Therefore, we have used eq 2b to determine numericallyl = 2, m = 0 become degenerate ags— +o. The same
these values and used them in eq 2a. Solving numericallyhappens for the states with= 1, | = 1, m = £1 and
this last one with the boundary conditi@{&) = 0 and with n=1,1 =2, m= £1. This is because in this limit we get
fixed | andm, we find a discrete set of values bthat give a quantum rod with smaller and smaller radius and greater
the volume-confined particle eigenvalues. If we label this and greater length. For a long quantum rod the confinement
set by an index, these eigenvalues will depend on, and energies depend only on tteecomponent of the angular
m. Therefore, we can writ& = E,, and this justifies the ~ momentum (that ism) and the number of nodes of the wave
reason for which the eigenfunctions have been labeled infunction with respect to the radial coordinate (that is,
the way indicated previously. n — 1). This means that, in the considered limit, all the states
Let us note that, differently from the case of the spherical with the samen andm and differentl become degenerate.
quantum dot, onlyn andmrepresent good quantum numbers This explains also the fact that some accidental degeneracies
(in fact, n is the principal quantum number amdh is the occur, as for example, between the states with1,| =1,
z-component of the particle angular momentum), while m=+1andn= 1,1 =2, m= 0, because starting from the
no longer related to the particle total angular momentum. spherical quantum dot energy levels we must obtain the
However, it can be seen that gs— 1 egs 2a and 2b  quantum rod energy levels that have a different order. This
reproduce the spherical quantum dot spectrum. In particular,is an important conceptual point because it shows how the
we have tha® (h) — I(I + 1) (independent frorh), which anisotropy controls the energy levels degeneracies. We can

d d
dn [(1 -7 dn )
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Figure 1. (a) Confinement energies calculated for the ground state and the first five excited states. The structure volume is kept constant

at 905 nm corresponding to a sphere Wit 6 nmradius. (b) Transition energies for the first (full line) and second (dashed line) allowed
transition from the ground state.
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Figure 2. Contour plot for the ground state and two excited states wave function square modulus calculagted 2d0. The yellow
regions correspond to the maximum of the probability density.

conclude that the transition energies are strongly dependentconstantsex = & polarizes its surroundings. As a result, a
on the anisotropy, showing (as Figure 1b clearly demon- surface polarization charge appears, giving rise to a dielectric
strates) the possibility of being tuned by varying the dot potential that acts on the particle itself. In that sense we can
shape, keeping its volume constant. speak of dielectric self-energy. It is possible that taking into
In Figure 2 we show the wave function square modulus account these effects, the single particle levels can change
for the ground and two excited states, calculated for and the infrared optical transition energies be modified with
x = 2.0. While for the spherical quantum dot the ground respect to the cass = e/ees = 1. Therefore, we have
state does not depend on the angular coordinates, we observevaluated to the first order of the perturbation theory these
in this case elliptical contour levels. This “angular distortion” effects by calculating exactly the self-polarization potential
appears for the two excited states too, in such a way thatand evaluating its mean value on the quantum states
the state witm = 1,1 = 1, m= 0 becomes localized around previously discussed. In Figure 3 we show the corrections
the ellipsoid major axis while the one with= 1,1 = 1, to the ground state (full curve) and to the first excited one
m = +£1 is localized around the minor axis. This is an (dashed curve), calculated for Cd3e= 10) as a function
important difference with respect to the spherical quantum of s. The ellipsoid axes have been fixedcat= 5 nm anda
dot, which, as we are going to see, has some consequences- 4.2 nm § = 1.2). The correction for the second excited
for the system optical properties. state is not shown because it is in practice coincident with
The single particle energies shown previously have beenthat of the first excited state. In the same figure the single
calculated by neglecting the image dielectric effects. It is particle levels are also shown to give a better understanding
known that a particle moving through a medium of dielectric on how these dielectric effects can influence the infrared
constante, embedded in an external medium of dielectric transitions. It comes out that the correction to a given level
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350+ which should produce interesting effects with respect to

{ BT 3182 mey . not absorbed and/or emitted light polarization. In Figure 4,
ooy J__allowed we show the light polarization anisotropy, defined as
S 2504 B 2778 meVI 1283 mev | 166.7 mev p = (P — Po)/(py + po), wherep; = |[11021007F and
CIEJ 150 -3 me : po = |11 £+ .1|(x + |y)/21’2|10'0112 are the op'ucgl matrix
T |E,= 1495 mev : elements. It is seen that on increasing the anisotropy, the
S 1004 trz_;m3|_t|on toward the sta_te with=1,1=1,m=0 (_al_lowed
2 ] . B with linearly polarized light) becomes more efficient than
2 50l Maximum positive that toward the states= 1,1 = 1, |m| = 1 (allowed with
g 7 splitting: 5 meV circularly polarized light), as a consequence of the different
04 Maxi'mlum negative structure of the two states.
— splitting: -3 meV , In conclusion, we have presented some properties of
0 2 4 6 8 10 ellipsoidal quantum dots, with particular reference to the
s=¢gle_ influence of the structure shape on the optical transitions.

The results show a strong dependence of the optical transition
Figu_re 3. Image dielectr_ic effects calculated for CdSe. The single energies on the system anisotropy, as well as a shape-
particle energy level shifts are shown for the ground state (full jependent response to polarized light. Image dielectric effects

curve) and the first excited one (dashed curve). The correction to - . . o .
the second excited state is in practice coincident with this last one. have been investigated for infrared transitions, showing that

The energy levels calculated neglecting these effects are also showrih€ transition energies are in practice not affected by these

for comparison. The ellipsoid axes have been fixed & 5 nm effects.
anda=4.2nm § = 1.2).
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